Let p ≥ 3 be a prime, let n > m ≥ 1. Let π n be the norm of
Introduction

The problem
Suppose given a purely ramified extension of discrete valuation rings S|R, with maximal ideals generated by s ∈ S and r ∈ R, respectively. In particular, S = R [s] . Let L|K be the corresponding extension of the fields of fractions, and write l = [L : K]. The minimal polynomial µ s,K (X) ∈ R[X] of s over K is an Eisenstein polynomial, that is, the valuation at r of its non-leading coefficients is ≥ 1, and the valuation of its constant term equals 1. for m ≥ 1, however, we need to know better estimates for the coefficient valuations of the minimal polynomial µ s,K (X). In short: how eisensteinian is it really?
The objective of this note is to give lower valuation bounds for the coefficients of µ s,K (X) for certain subextensions S|R of cyclotomic extensions, both in the number field and in the function field case. Moreover, the method we use enables us to relate the minimal polynomials for T |R and for S|R for iterated extensions R ⊆ S ⊆ T of discrete valuation rings therein.
As an application, we mention the Wedderburn embedding of the twisted group ring (with trivial 2-cocycle)
where we assume L|K to be galois with cyclic Galois group C l . We have ω(S ≀ C l ) ⊆ Λ := {f ∈ End R S : f (s i S) ⊆ s i S for i ≥ 0} ⊆ End R S .
The image of s is the companion matrix of µ s,K (X). To give a description of ω(S ≀C l ), it is convenient to be able to replace the image of s by the companion matrix of the 'optimal' Eisenstein polynomial X l − r modulo s j Λ for a suitable j > 1.
In this article, however, we restrict our attention to the minimal polynomial itself.
Results
The number field case
Let p ≥ 3 be a prime, and let ζ p n denote a primitive p n th root of unity over Q in such a way that ζ p p n+1 = ζ p n for all n ≥ 1. Put F n = Q(ζ p n ) and let E n = Fix C p−1 F n , so [E n : Q] = p n . Letting π n = N Fn|En (ζ pn − 1) = j∈ [1,p−1] (ζ j p n−1 p n − 1) , we have E n = Q(π n ). In particular, E m+i = E m (π m+i ) for m, i ≥ 1. We fix m and write (ii) We have a i,j ≡ p i+1 a i+β,p β j for j ∈ [0, p i ] and β ≥ 1.
(ii ′ ) If j < p i (p − 2)/(p − 1), then a i,j ≡ p i+1 πm a i+β,p β j for β ≥ 1. (iv) We have µ πn,Q (X) ≡ p 2 X p n−1 + pX (p−1)p n−2 − p for n ≥ 2.
Assertion (iv) requires a computation of a trace. Such trace computations can be reformulated in terms of sums of (p − 1)th roots of unity in Q p (5.5). Essentially, one has to count the number of subsets of µ p−1 ⊆ Q p of a given cardinality whose sum is of a given valuation at p. Not being able to go much beyond this reformulation, this seems to be a problem in its own right -see e.g. (5.8).
To prove (i, i ′ , ii, ii ′ ), we proceed by induction.
. Moreover, using (ii), this different argument yields (iii). In the function field case below, this argument for (i, i ′ ) fails, however, and we have to resort to induction.
Suppose m = 1. Let us call an index j ∈ [1,
and p i exactly divides ja i,j . If i = 1 and e.g. p ∈ {3, 19, 29, 41}, then all indices j ∈ [1, p − 1] are exact. If i ≥ 2, we might ask whether the number of non-exact indices j asymptotically equals p i−1 as p → ∞.
The function field case
Let p ≥ 3 be a prime, ρ ≥ 1 and r = p ρ . We write Z = F r [Y ] and Q = F r (Y ). We want to study a function field analogue over Q of the number field extension Q(ζ p n )|Q. Since 1 is the only p n th root of unity in an algebraic closureQ, we have to proceed differently, following Carlitz [1] and Hayes [5] . First of all, the power operation of p n onQ becomes replaced by a module operation of f n onQ, where f ∈ Z is an irreducible polynomial. The group of p n th roots of unity
becomes replaced by the annihilator submodule
Instead of choosing a primitive p n th root of unity ζ p n , i.e. a Z-linear generator of that abelian group, we choose a Z-linear generator θ n of this Z-submodule. A bit more precisely speaking, the element θ n ∈Q plays the role of ϑ n := ζ p n − 1 ∈Q. Now Q(θ n )|Q is the function field analogue of Q(ϑ n )|Q. See also [3, sec. 2].
To state the result, let f (Y ) ∈ Z be a monic irreducible polynomial and write q = r deg f . Let ξ Y := Y ξ + ξ r define the Z-linear Carlitz module structure on an algebraic closureQ, and choose a Z-linear generator θ n of ann f nQ in such a way that θ f n+1 = θ n for all n ≥ 1. We write F n = Q(θ n ) and have Gal(
, we have E n = Q(̟ n ). In particular, E m+i = E m (̟ m+i ) for m, i ≥ 1. We fix m and write
Theorem (6.6, 6.7, 6.9).
A comparison of the assertions (iv) in the number field case and in the function field case indicates possible generalizations; we do not know what happens for µ π m+i ,Em (X) for m ≥ 2 in the number field case; moreover, we do not know what happens for f = Y in the function field case.
Notations and conventions
(o) Within a chapter, the lemmata, propositions etc. are numbered consecutively.
(ii) For m ∈ Z {0} and a prime p, we denote by m[p] := p vp(m) the p-part of m, where v p denotes the valuation of an integer at p.
(iii) If R is a discrete valuation ring with maximal ideal generated by r, we write v r (x) for the valuation of x ∈ R {0} at r, i.e. x/r vr (x) is a unit in R. In addition, v r (0) := +∞.
(iv) Given an element x algebraic over a field K, we denote by µ x,K (X) ∈ K[X] the minimal polynomial of x over K. (vi) For an assertion X, which might be true or not, we let {X} equal 1 if X is true, and equal 0 if X is false.
Throughout, let p ≥ 3 be a prime.
A polynomial lemma
We consider the polynomial ring Z[X, Y ].
where the second inequality follows from j ≥ 2 if v p (j) = 0, and from
Corollary 1.3 For x, y ∈ Z and l ≥ 1 such that x ≡ p l y, and for k ≥ 1, we have
This being true for α = 0, the assertion follows since
2 Consecutive purely ramified extensions
Setup
Let T |S and S|R be finite and purely ramified extensions of discrete valuation rings, of residue characteristic char R/rR = p. The maximal ideals of R, S and T are generated by r ∈ R, s ∈ S and t ∈ T , and the fields of fractions are denoted by
We may and will assume s = (−1) m+1 N M |L (t) and r = (−1) l+1 N L|K (s).
We have S = R[s] with
and T = R[t] with
Cf. [9, I. §7, prop. 18]. The situation can be summarized in the diagram
Note that r | p, and that for z ∈ M, we have v t (z) = mv s (z) = mlv r (z).
Characteristic 0
In this section, we assume char
We may decompose
Now since t m = s + zy for some z ∈ T by (2.1.i), we have
In particular, yls
Finally,
The following proposition will serve as inductive step in (3.2).
From (2.2) we take
Since the summands have pairwise different valuations at t, we obtain
As an illustration: cyclotomic polynomials
For n ≥ 1, we choose primitive roots of unity ζ p n over Q in such a manner that ζ
We shall show by induction on n that writing
This being true for n = 1 since Φ p (X + 1) = ((X + 1) p − 1)/X, we assume it to be true for n − 1 and shall show it for n, where n ≥ 2. We apply the result of the previous
We may choose y = pϑ n , x = p n−2 and
Since the coefficients in question are in R, we may draw the following conclusion.
,
By induction, this establishes the claim.
Using (1.4), assertion (I) also follows from the more precise relation
for n ≥ 2, which we shall show now. In fact,
and the result follows by division by the monic polynomial (X + 1)
Finally, we remark that writing F n (X) := Φ p n (X + 1) + X p n −2p
Characteristic p
In this section, we assume char K = p.
In particular,
This follows using (2.5), cf. (2.3).
A tower of purely ramified extensions
Suppose given a chain
of finite purely ramified extensions R i+1 |R i , with maximal ideal generated by r i ∈ R i , of residue characteristic char R i /r i R i = p, with field of fractions K i = frac R i , and of degree [K i+1 : K i ] = p κ = q for i ≥ 0, where κ ≥ 1 is an integer stipulated to be independent of i. We may and will suppose that N K i+1 |K i (r i+1 ) = r i for i ≥ 0. We write
Consider the case char K 0 = 0. To prove (i, i ′ ), we perform an induction on i, the assertion being true for i = 1 by (3.1). So suppose given i ≥ 2 and the assertion to be true for i − 1. To apply (2.3), we let R = R 0 , r = r 0 , S = R i−1 , s = r i−1 , T = R i and t = r i . Furthermore, we let y = r
, so that (2.1) is satisfied by (3.1) and by the inductive assumption. We have c = f i r
whence f i divides a i,j − a i−1,j/q ; strictly, if j < q i g. By induction, f i−1−vq(j/q) divides a i−1,j/q ; strictly, if j/q < q i−1 g. But a i−1,j/q ≡ f i a i,j , and therefore f i−vq(j) divides also a i,j ; strictly, if j < q i g. This proves (i, i ′ ).
The case β = 1 of (ii, ii ′ ) has been established in the course of the proof of (i, i ′ ). The general case follows by induction.
Consider the case char K 0 = p. To prove (i, i ′ ), we perform an induction on i, the assertion being true for i = 1 by (3.1). So suppose given i ≥ 2 and the assertion to be true for i − 1. To apply (2.6), we let R = R 0 , r = r 0 , S = R i−1 , s = r i−1 , T = R i and t = r i . Furthermore, we let y = r
satisfied by (3.1) and by the inductive assumption. In fact, xy
Using (2.6) instead of (2.3), we may continue as in the former case to prove (i, i ′ ), and, in the course of this proof, also (ii, ii ′ ).
4 Galois descent of a divisibility
be a commutative diagram of finite, purely ramified extensions of discrete valuation rings. Let s ∈ S, t ∈ T ,s ∈S andt ∈T generate the respective maximal ideals. Let L = frac S, M = frac T ,L = fracS andM = fracT denote the respective field of fractions. We assume the extensions M|L andL|L to be linearly disjoint andM to be the composite of
. We assumeL|L to be galois and identify G := Gal(L|L) = Gal(M|M) via restriction. We may and will assume that s = NL |L (s), and that t = NM |M (t).
5 Cyclotomic number fields
Coefficient valuation bounds
For n ≥ 1, we let ζ p n be a primitive p n th root of unity over Q. We make choices in such a manner that ζ p p n = ζ p n−1 for n ≥ 2. We denote ϑ n = ζ p n − 1 and
The minimal polynomial µ ϑn,F n−1 (X) = (X + 1) p − ϑ n−1 − 1 shows that N Fn|F n−1 (ϑ n ) = ϑ n−1 , hence also N En|E n−1 (π n ) = π n−1 . Note that π 1 = p and E 1 = Q.
Let O be the integral closure of Z (p) in E n . Since N En|Q (π n ) = π 1 = p, we have
Thus O is a discrete valuation ring, purely ramified of degree p n−1 over Z (p) , and so O = Z (p) [π n ] [9, I. §7, prop. 18]. In particular, E n = Q(π n ).
Now suppose given m ≥ 1. To apply (3.2), we let f = q = p, R i = Z (p) [π m+i ] and r i = π m+i for i ≥ 0. We keep the notation
Assumption (3.1) is fulfilled by virtue of (5.1), whence the assertions follow by (3.2). 
A different proof of (5.2. i, i ′ ) and some exact valuations
Let m ≥ 1 and i ≥ 0. We denote 
Moreover, since only for
and ja i,j r j−1 i are congruent modulo p i , we conclude by ( * ) that they are equal, i.e. that
Corollary 5. 4 We have 
Some traces
Let µ p−1 denote the group of (p − 1)st roots of unity in Q p . We choose a primitive Proposition 5.5 For n ≥ 1, we have
where
We have s 0 = 0, and s n ∈ Z for n ≥ 0. The sequence (s n ) n becomes stationary at some minimally chosen N 0 (p). We have So for example if p = 31, then
Remark 5.9 Vanishing (resp. vanishing modulo a prime) of sums of roots of unity has been studied extensively. See e.g. [2] , [6] , where also further references may be found.
Remark 5.10 Neither do we know whether s n ≥ 0 nor whether Tr En|Q (π n ) ≥ 0 always hold. Moreover, we do not know a prime p for which N 0 (p) < N (p).
Remark 5.11
We calculated some further traces appearing in (5.2), using Maple and Magma.
For p = 3, n ∈ [2, 10], we have Tr En|En−1 (π n ) = 3 · 2.
For p = 5, n ∈ [2, 6], we have Tr En|En−1 (π n ) = 5 · 4.
For p = 7, n ∈ [2, 5], we have Tr En|En−1 (π n ) = 7 · 6.
For p = 11, we have Tr E2|E1 (π 2 ) = 11 · 32, whereas
where ζ := ζ 11 2 and π := π 2 .
An upper bound for N (p)
We view Q(ζ p−1 ) as a subfield of Q p , and now, in addition, as a subfield of C. Since complex conjugation commutes with the operation of Gal(Q(ζ p−1 )|Q), we have
We abbreviate Σ(H) :
and therefore N(p) ≤ ϕ(p − 1). We shall ameliorate this bound by a logarithmic term.
Proposition 5.12
We have
It suffices to show that |Σ(H)| ≤ p/π for H ⊆ µ p−1 . We will actually show that
, from which this inequality follows using sin x ≥ x − x 3 /6 and p ≥ 5.
Choose H ⊆ µ p−1 such that |Σ(H)| is maximal. Since p − 1 is even, the (p − 1)st roots of unity fall into pairs (η, −η). The summands of Σ(H) contain exactly one element of each such pair, since |Σ(H) + η| 2 + |Σ(H) − η| 2 = 2|Σ(H)| 2 + 2 shows that at least one of the inequalities |Σ(H) + η| ≤ |Σ(H)| and |Σ(H) − η| ≤ |Σ(H)| fails.
By maximality, replacing a summand η by −η in Σ(H) does not increase the value of |Σ(H)|, whence
and thus
Therefore, the (p − 1)/2 summands of Σ(H) lie in one half-plane, whence the value of |Σ(H)|.
6 Cyclotomic function fields, after Carlitz and Hayes
Notation and basic facts
We shall give a brief review while fixing notation.
Let ρ ≥ 1 and r := p ρ . Write Z := F r [Y ] and Q := F r (Y ), where Y is an independent variable. We fix an algebraic closureQ of Q. The Carlitz module structure onQ is defined by the F r -algebra homomorphism given on the generator Y as
We write the module product of ξ ∈Q with e ∈ Z as ξ e . For each e ∈ Z, there exists a unique polynomial P e (X) ∈ Z[X] that satisfies P e (ξ) = ξ e for all ξ ∈Q. In fact, P 1 (X) = X, P Y (X) = Y X + X r , and
For a general e ∈ Z, the polynomial P e (Y ) is given by the according linear combination of these.
Note that P e (0) = 0, and that P ′ e (X) = e, whence P e (X) is separable, i.e. it decomposes as a product of distinct linear factors inQ [X] . Let λ e = ann eQ = {ξ ∈Q : ξ e = 0} ⊆Q be the annihilator submodule. Separability of P e (X) shows that #λ e = deg P e (X) = r deg e . Given a Q-linear automorphism σ ofQ, we have (ξ e ) σ = P e (ξ) σ = P e (ξ σ ) = (ξ σ ) e . In particular, λ e is stable under σ. Therefore, Q(λ e ) is a Galois extension of Q.
Since #annẽλ e = #λẽ = r degẽ forẽ | e, we have λ e ≃ Z/e as Z-modules. It is not possible, however, to distinguish a particular isomorphism.
We shall restrict ourselves to prime powers now. We fix a monic irreducible polynomial f = f (Y ) ∈ Z and write q := r deg f . For n ≥ 1, we let θ n be a Z-linear generator of λ f n . We make our choices in such a manner that θ f n+1 = θ n for n ≥ 1. Note that Z[λ f n ] = Z[θ n ] since the elements of λ f n are polynomial expressions in θ n .
Suppose given two roots ξ,ξ ∈Q of
i.e. ξ,ξ ∈ λ f n λ f n−1 . Since ξ is a Z-linear generator of λ f n , there is an e ∈ Z such that ξ = ξ e . Since ξ e /ξ = P e (X)/X| X=ξ ∈ Z[θ n ],ξ is a multiple of ξ in Z[θ n ]. Reversing the argument, we see thatξ is in fact a unit multiple of ξ in Z[θ n ].
. One of the constant terms, say F j (0), is thus a unit multiple of f in Z, while the other constant terms are units. Thus, all roots of
, and the remaining roots of Ψ f n (X) are units. But all roots of Ψ f n (X) are unit multiples of each other. We conclude that Ψ f n (X) = F j (X) is irreducible.
By (6.1), Ψ f n (X) is the minimal polynomial of θ n over Q. In particular, [Q(θ n ) : Q] = q n−1 (q − 1), and so
In particular, Z (f ) [θ n ] is a discrete valuation ring with maximal ideal generated by θ n , purely ramified of index q n−1 (q − 1) over Z (f ) , cf. [9, I. §7, prop. 18]. There is a group isomorphism
well defined since θ e n is a root of Ψ f n (X), too; injective since θ n generates λ f n over Z; and surjective by cardinality.
Note that the Galois operation on Q(θ n ) corresponding to e ∈ (Z/f n ) * coincides with the module operation of e on the element θ n , but not everywhere. For instance, if f = Y , then the Galois operation corresponding to Y sends 1 to 1, whereas the module operation of Y sends 1 to Y + 1.
Let e ∈ Z be a monic irreducible polynomial different from f . Write O 0 := Z (e) [θ n ] and let O be the integral closure of O 0 in Q(θ n ). Let
, since the Z (e) -linear determinant of this embedding is given by the discriminant ∆ Z[θn]|Z , which is a unit in O 0 .
We resume.
In particular, θ n is a prime element of Z[θ n ], and the extension Z (f ) [θ n ]|Z (f ) of discrete valuation rings is purely ramified.
Coefficient valuation bounds
The extension Z (f ) [̟ n ] is a discrete valuation ring with maximal ideal generated by ̟ n , purely ramified of index q n−1 over Z (f ) . In particular, E n = Q(̟ n ). With regard to section 6.4, we remark that ̟ 2 = ± θ q−1 2 . Lemma 6.5 For all n ≥ 2, we have ̟ q n ≡ ̟ q−1 n f ̟ n−1 . We claim that θ q n ≡ θnf θ n−1 . In fact, the non-leading coefficients of the Eisenstein polynomial Ψ f (X) are divisible by f , so that the congruence follows by θ n−1 −θ q n = P f (θ n )−θ q n = θ n (Ψ f (θ n ) − θ q−1 n ). LettingT = Z (f ) [θ n ] and (t,s, t, s) = (θ n , θ n−1 , ̟ n , ̟ n−1 ), (4.1) shows that 1 − θ q n /θ n−1 divides 1 − ̟ q n /̟ n−1 . Therefore, θ n f θ (ii) We have a i,j ≡ f i+1 a i+β,q β j for i ≥ 1, j ∈ [1, q i − 1] and β ≥ 1.
(ii ′ ) If j < q i (q − 2)/(q − 1), then a i,j ≡ f i+1 ̟m a i+β,q β j for β ≥ 1. This follows from (6.8) using (6.6.ii). 
